Perfect discrimination of no-signalling channels via quantum superposition of causal 

structures 



Giulio Chiribella 

Perimeter Institute for Theoretical Physics, 31 Caroline Street North, Waterloo, Ontario N2L 2Y5, Canada 

(fiDated: September 26, 2011) 

A no-signalling channel transforming quantum systems in Alice's and Bob's local laboratories is 
compatible with two different causal structures: (A ^ B) Alice's output causally precedes Bob's 
input and (B < A) Bob's output causally precedes Alice's input. I show that a quantum super- 
position of circuits operating within these two causal structures enables the perfect discrimination 
between no-signalling channels that cannot be perfectly distinguished by any ordinary circuit. 
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Distinguishing between two objects is one of the most fundamental tasks in statistics and information theory, with 
applications in hypothesis testing and signal detection. In the realm of Quantum Mechanics, an instance of the 
problem is the discrimination between two quantum channels fl]-|l^|: In this scenario, one has access to a black box 
implementing a transformation of quantum systems, which is assumed to be cither Co or C\, and the goal is to identify 
such a transformation with maximum probability of success. 

Many surprising features of quantum channel discrimination have been discovered so far. For example, two unitary 
channels that are not perfectly distinguishable with a single use become perfectly distinguishable when a finite number 
of uses is allowed [Q, |j . Although the result does not require quantum entanglement [^| , this phenomenon never occurs 
in the classical world . 

Other remarkable phenomena arise when the two channels Cq and C\ have a bipartite structure, i.e. they take input 
states on the Hilbert space A <E> B to output states on the Hilbert space A' ® B' , as in the following diagram 
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We can imagine that the channels Cq and C\ transform quantum states provided by two users, Alice and Bob. If the 
state of Alice's output A' does not depend on the state of Bob's input B, then we say that Co and C\ arc no-signalling 
from Bob to Alice (B -no- signalling, for short). Eggeling, Schlingemann, and Werner Jl3| showed that every B-no- 
signalling channel C can be realized as the concatenation of a channel A on Alice's side followed by a channel B on 
Bob's side, with some information transferred from Alice to Bob via a quantum memory M: 
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In other words, a channel that does not signal from Bob to Alice is always compatible with a causal structure where 
Alice's output precedes Bob's input, denoted by A < B. As a consequence, to discriminate between two B-no- 
signalling channels we can use a sequential strategy 0, where the channel Ci (either with i = or with i = 1) is 
inserted in a quantum circuit with causal structure A ■< B, thus producing the output state p^ eq given by 
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(here R and R' are suitable quantum systems, Mj is the quantum memory needed for the realization of channel Ci, ^ 
is a pure state on R (g) A and W is a unitary channel sending states on R ® A' to states on R' <X) B). Ref. M showed 
that sequential strategies offer an advantage over parallel strategies, where the unknown channel Ci is applied to an 
entangled input state VP, producing the output state p\ ar given by 
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In particular, Ref. provided an example of two B-no-signalling channels that can be perfectly distinguished by 
a sequential strategy, whereas every parallel strategy has a non-zero probability of error. More recently, Harrow, 
Hassidim, Leung, and Watrous 12 showed that the same phenomenon can occur even in the absence of a quantum 
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memory, when the two channels Cq and C\ are of the product form C t = A% ® Bi with Ai (Bi) transforming states 
on A (B) into states on A' (£>'). Channels of this form are a particular example of no-signalling channels |14| , |l5[ . 
namely, channels that are both B-no-signalling and A-no-signalling. As such, they are compatible with two different 
causal structures: A ^ B (Alice's output precedes Bob's input) and B -< A (Bob's output precedes Alice's input). 
However, this fact is not relevant in the example by Harrow et al, because in their case one has Ai = Bi for 2 = 0,1 
so that it makes no difference whether Ai is applied before Bi or vice- versa. 

In this paper I show that the compatibility of no-signalling channels with different causal structures opens up 
a new possibility for channel discrimination, which was not predicted by the standard model of quantum circuits. 
To demonstrate this possibility, I will provide an example of two no-signalling channels that cannot be perfectly 
distinguished by any sequential strategy (neither with causal structure A ■< B, nor with causal structure B X 
A), whereas a quantum superposition of sequential strategies with different causal structures [jl6| enables perfect 
discrimination. The example is simple: it involves two-qubit channels, with Co consisting of two von Neumann 
measurements on the same random basis, and C\ consisting of two rotations of 7r around a random pair of orthogonal 
axes in the Bloch sphere. Surprisingly, perfect discrimination between Co and C\ is achieved by superposing two 
sequential strategies that separately are very inefficient: in fact, they are outperformed even by some parallel strategies. 
This suggests an analogy with Parrondo's paradox in classical game theory |T^ ], where the combination of two 
loosing strategics leads to a winning strategy. Practically, the superposition of different sequential strategies can be 
implemented by a quantum network where the connections among devices are not pre-determined, but instead can 
be controlled by the state of some quantum system, as in the quantum switch of Ref. |l^] . 

Before presenting the example it is useful to spell out precisely the meaning of the expression "quantum superposition 
of circuits" , reviewing some ideas from Ref. Jl6[ . Let us start from the simplest case where there is no quantum memory 
and the channels Co and C\ are of the product form Ci — Ai ® Bi, i = 0,1. First, we write down the Kraus forms 
Ai(p) = Ylk AikpAjf. and Bi(p) = J2i ^UP^lv Then, for each value of (k, I) a sequential circuit with causal structure 
A d B (like the circuit in Eq. ([!])) yields the (unnormalized) pure state 

|*<m) = {Ba ® I R >)W{A ik ® I fl )|*>. (3) 
whereas a sequential circuit following the causal structure B < A yields 

|*ifci} = {Ak ® Ir-)W{B u ® I H )|*>, (4) 

where ^ is a pure state in B ® R and W is a unitary operator from B' ® R to A® R' . Suppose now that we have at 
disposal a coherent mechanism that chooses the first circuit when the state of a control qubit is |0), and the second 
when the state is |1). As mentioned in Ref. |l6| ], this can be in principle achieved by a set of switches that turn on 
and off the connection of the different devices depending on the state of the control qubit. Such a control mechanism 
is the analogue for circuits of the mechanism in the Schrodinger's cat thought experiment: We have a microscopic 
system (the control qubit) becoming entangled with a macroscopic one (the position of the switches) . If the control 
qubit is prepared in the state |+) = (|0) + \l))/y/2, then the output of the network is (|$i/w)|0) + |<^ fei )|l))/V2- Taking 
the corresponding density matrix and summing over all possible Kraus elements we then get the output state 

P? P :=\m ® X w )W(Ai ®2:fl)(|*><*|) ® |0)(0| (5) 
+ (Ai ® X Rl yw{Bi ® Jr)(|*)(*|) ® |1)(1| 

+ ]Tp lfe /)(* lfe /| ® |o)(i| + |* <w )<*<fci| ® |i)(o|]}, 

k,l 

with W(p) = WpW^ . The first two terms in Eq. (||) are the classical ones, corresponding to the random choice of two 
possible circuits with causal structures A < B and B < A. The off-diagonal terms have no classical interpretation: 
they represent the quantum interference between the two different causal structures. Note that these terms do not 
depend on the particular Kraus representation chosen for the channels Ai and Bf. had we chosen another Kraus 
representation, after summation we would have obtained the same result. Eq. (g) can be extended by linearity to 
the case of generic no-signalling channels, by writing the Kraus form Ci(p) = CikpC\ k and expanding the Kraus 
operators as C ik = J2i Mkl ® B ikl . 

We are now ready to discuss our example. Here, all systems are qubits: A ~ A' ~ B ~ B' ~ C 2 . Channel Co 
consists of two von Neumann measurements on the same random basis 

Co := / dU ®M{?\ (6) 
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where dU is the normalized Haar measure on SU(2) and A4jj is the singlc-qubit channel given by Mjj(p) '■= 
(0|U"tpC7|0) U\0)(0\W + (l\WpU\l) U\1)(1\W, {|0), |1)} being the computational basis. Channel d consists of two 
rotations of it around a pair of random orthogonal axes in the Bloch sphere: 

Ci := J dVxM^y^, (7) 

where X v (p) := (VXV^)p(VXV^) and y v (p) ■= (VYV^)p(VYV^), X and Y being the Pauli matrices representing 
rotations of ir around the x and y axes, respectively. 

The discrimination between Co and C± is equivalent to the discrimination between two product channels Co,u '■= 
Ao^u <£> Bo,u an d C\.y '■= Aiy £3 Bi,v, with Ao,u = Bo.u '■= M-u and A\.v '■= Xy and B\y '■= 3V, where the unitaries 
U and V are completely unknown. To achieve perfect discrimination between Co,u and Ci,V we take a quantum 
superposition of the following two circuits: 



A l ,u l - B i>Vi — b) (V]- B itUi - A t ,u, - (8) 



where <p is a fixed pure state and Uq := U and U\ := V. The key idea is that the Kraus operators of C and C\ 
behave very differently when we switch the ordering from A -< B to B -< A: the Kraus operators of Ao,u and Bqjj 
commute for every U (they are projectors on the same basis vectors), whereas the Kraus operators of A\y and B\y 
anticommute for every V. The difference between commutation and anticommutation cannot be detected by any 
circuit, but becomes visible in the interference terms when we superpose the two circuits a) and b): Using Eqs. (|^), 
(||), and (||) with one-dimensional R and R' , \t = ^ = <p and W — W — I, we obtain the output states 

pT = Mv{\<p)(<p\)®\+)(+\ 

P?* = Z v (\<p)(<p\)®\-)(-\ , 

where Zy is the unitary channel Zy{p) := (V ZV^)p(V ZV^), Z being the Pauli matrix Z := —iXY, and |— ) := 
(|0) — \l))/y/2. By measuring the control qubit on the basis |+), |— ) we can perfectly distinguish between Co and C\, 
no matter what the unknown unitaries U and V are. 

We now show that no quantum circuit with fixed causal structure can perfectly distinguish between Co and C\. 
The proof requires the formalism of quantum combs Jl8| , fl9| , which allows one to consider the most general sequential 
strategies. This formalism makes extensive use of the Choi isomorphism [Q between a channel C transforming states 
on Jti? and the positive operator C on <g> 3tf defined by C := (C (8 T)(\I))((I\), where X is the identity map and 
\I)) is the maximally entangled vector \I}) := ^ n \n)\n), {\n}} being a fixed orthonormal basis for In general, we 
will use the "double ket" notation \^>)) := ® -01-0), where \P is any operator on Jf. Defining := A, M'i := A' , 

:= B, J&4 = B' , we have that the Choi operator of the channel Ci, i = 0, 1 is the operator on J&4 <g> J%3 <£) J#2 <8> 
given by 



Q : = I dU (U ®U* ®U ®U*){ki) (9) 

where 

Ao := |m) (m\ <E) \m) (m\ ® \n) (n\ ® \n) (n| 

m,n— 0,1 

A! := |y))«Y|®pO>«X|, 

while W and are the unitary channels defined by := UpU' and U*(p) = U* pU T , {/* and /7 T denoting the 

complex conjugate and the transpose of the matrix U, respectively. 

Let us consider discrimination strategies with causal structure A < B. The discrimination is represented by a 
binary quantum tester j7] , namely by two positive operators To and T\ that give the probabilities of the measurement 
outcomes according to the generalized Born rule p(i\Cj) = Tr [T<Cj]. The normalization of the tester is given by the 
condition To + T\ = I4 <£> S, where H is a positive operator on J£| ® (?) M{ satisfying the relation 

Tr 3 [S]=/ 2 ®p, Ti[p] = l. (10) 

Now, it is clear from Eq. (|9|) that the outcome probabilities are not affected if we replace each Tj, i = 0, lwith its 
average T- := J dU (U ®U* ®U ®U*)(Ti). Since the average commutes with all the unitaries U ®U*®U®U* 1 we 
can assume without loss of generality the commutation relation 

[E,U* (8) U® U*] = VUeSU(2). (11) 
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From Ref. 0, we know that distinguishing between the two channels Cq and C\ with the tester {To, Ti} is equivalent 
to distinguishing between the two states po and p x given by 

Pi := (l A 8> H*) d (l A g> 3*) i = 0, 1. (12) 

Hence, Co and Ci are perfectly distinguishable if and only if po and pi have orthogonal support, that is, Tr[poPi] = 0. 
Note that we have or, cquivalently, 

Tr[p oPl ] = Tr p (l 4 ® §) Ci (/* <g> s)] , (13) 

having defined C< := (I <g> y ® I ® Y)d(I (g) y (8 J <g> y) for i = 1, 2, and E := (y <g) I (8) y)S(y ® I (g) y). 

We now prove that the condition Tr[poPi] = cannot be satisfied. First note that, by definition, EE must satisfy 
Eq. (0) for some density matrix p. Moreover, from from Eq. flll| ) and from the relation U* = YUY,yU <E SU(2) it 
follows that EE must satisfy the commutation relation [S, U ® U ® Z7] = 0, VC/ € SU(2). Hence, by the Schur lemmas 
EE must be a combination of projectors onto the irreducible subspaccs of U (g> U <E)U. The latter are easily obtained by 
coupling the three angular momenta: we have the subspace J§?3 corresponding to j = f and two subspaces Jzfi and 

2 2 

Jz?i°^ , corresponding to j = i, which carry equivalent representations and arc spanned by the vectors {$o, } 
and {$ °\$i }, respectively: 



:=^(|o)i|y»2,3 + |y»i,3|o) 

|$«) :=^(|l)i|r)>2,3 + |y)>i,3|i: 

|$(0)N ._ |y))i, 2 |o) 3 



2 



2 



; () 



\/2 

|y»i,2|i) 3 



V2 

The most general expression for a positive operator EE commuting with U ® f7 ® E7 is then 

S-aP i+ £ 6„ m T|"\ (14) 

m,n— 0, 1 

where a > 0, Pi is the projector onto Jz?3, (b mn ) is a positive two-by-two matrix, and Tj™ := X)fe=o l l^i ) (^fe I- 



Let us analyze now the normalization (|10|). First, note that the state p in Eq. (10) must be the invariant state p = 1/2 
due to the symmetry [E, U 65 U (8 U] =0, which implies [p, U] = 0. On the other hand, taking the partial trace we 
obtain 

Tr 3 [T|] = \Pi TrslTj 1 ] = lp x 
Tr 3 [T?°] = 2P TWT? 1 ] = Tr[T|°] = 0. 

2 2 2 

Hence, Eq. (JlO|) with p = 1/2 and Eq. @ imply ( 4a + 2i '" ) Pi + 26 00 P = ^f 1 , which is equivalent to 

2a + 6 u = j, fo oo = J (15) 

We now compute the overlap in Eq. ( |l3| ) and show that is cannot be zero. Note that Cj := J dU W® 4 (A;), with 

Aj := (7 (g> y ® 7 ® y)Aj(7 (g> Y ® I ® y), ^ = 1,2. Decomposing Ao and Ai on the invariant subspaces with given 
total angular momentum we obtain (cf. Appendix |A| ) 

C 1 = 2^H1+2^H) 
d 2 di 

X 2 4(1.1) 1 P 1;(1,0) + P 1;(0,1) , p 

C ° = 3 + 3 Po;(M) + £ + Po;(0 ' 0) 
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where dj := 2j + 1 and Pj-(k,l) is the projector on the subspace with total angular momentum j, resulting from the 
tensor product of the two subspaces where spins 1 and 2 have total angular momentum k and spins 3 and 4 have total 
angular momentum I, respectively. Inserting the above expressions in Eq. ( |l3| ) and computing all terms we finally 
obtain that the condition Tr[/>o/9i] = is equivalent to 



4a 2 46fi 



Tr ^ = S + i# + ^r (16) 

(detailed calculation can be found in Appendix |b|). In other words, to have Tr[pg£i] = we should have a = i>xi = 
&oi = 0. However, this is incompatible with the normalization condition of Eq. (TLa). This concludes the proof that 
there is no circuit with causal structure A ^ B is able to discriminate perfectly between Co and C\ . It is immediate to 
prove the same result for circuits with causal structure B -< A: indeed, the Choi operators Co and C\ are invariant 
under the exchange (A, A') «-» (B, B'). 

A remarkable feature of our example is that perfect discrimination is achieved by superposing two strategies that, 
considered separately, are very inefficient: It is easy to show that the probability of success of the strategies a) and b) 
in Eq. (j^ is p'tucc — Psucc = §■ Parallel strategics can do much better: for example, applying the unknown channel 
Ci, i = 0, 1 on one side of a maximally entangled state, thus obtaining the Choi state pf hm = Cj/4, i = 0, 1, yields 
the much higher success probability p^a- — 15 • However, parallel strategies cannot be used to construct a perfect 
discrimination scheme. Quite paradoxically, it is exactly by superposing two sub-optimal strategies that one can 
achieve perfect discrimination. This feature suggests an analogy with Parrondo's "paradox" in classical game theory, 
where the alternate choice of two loosing games yields a winning game (i.e. a game where the optimal strategy yields 
a winning probability larger than 1/2). In the quantum example this counterintuitive feature is even more striking: 
the probability of winning the discrimination game jumps to p succ = 1 thank to the quantum superposition of the 
loosing strategies a) and b). 

In conclusion, we saw that finding the optimal discrimination of no-signalling channels forces us to go beyond the 
standard quantum circuit model, where the connections among devices are fixed once for all according to a pre- 
determined causal structure: In our example perfect discrimination can be achieved only via a quantum superposition 
of circuits with different causal structures. Such a result is similar in spirit to that of Oreshkov, Costa, and Brukner 
pl[ , who showed the advantage of non-causal strategies in a non-local (Bell- inequality- type) game, Note however that 
the non-causal strategy of Ref. plj is not interpreted as a quantum superposition of circuits with definite causal 
structure. Finally, it is woth observing that the example presented here consisted of two local channels at Alice's 
and Bob's sides correlated by a classical parameter (the choice of the random basis). An interesting open problem 
is whether the superposition of different causal structures implies an advantage in the discrimination between no- 
signalling channels of the product form Co = Aq <8> $o and C\ = Ai ® B\ . 

Acknowledgments. Stimulating discussions with G. M. D'Ariano, P. Perinotti, J. Watrous, and M. Piani are 
acknowledged. Research at Perimeter Institute for Theoretical Physics is supported in part by Canada through 
NSERC and by Ontario through MRI. 

Appendix A: Expressions for Co and Ci 

We have C 4 = J dU U m (Ai), with 

A := (I <S> Y (g> I (g> Y)A (I®Y <S>I®Y) = ^ \m)(m\ ® \m © 1)( m © 1| & |7i)(n| ® \u © l)(n 1| (Al) 

m,n— 0,1 

Ai := (I® Y® I® Y)A (I®Y ® J® Y) = g) \Z))({Z\, (A2) 

© denoting here the addition modulo 2. We now find the components of Ai on the invariant subspaces. For convenience 
of reading, when writing vectors we will order the Hilbert spaces as M{ ® ® <g> instead of ^4 <g> ^ <g> ^2 ® ^\ ■ 
We have 

\Z))i,2 ® |/» 3 ,4 = |1111) - 10000) + |1100) - 10011) (A3) 
= |2,2;(1,1)) + |2,-2;(1,1)) + V2|1,1;(1,1)), (A4) 



where \ j, m; (k, I)) is the eigenstate of the z-component of the angular momentum with eigenvector m, in the subspace 
with total angular momentum j obtained by the tensor product of two subspaces where spins 1 and 2 have total 
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angular momentum k and spins 3 and 4 have total angular momentum I. Taking the average of Ai we then obtain 

C 1=2 %M) +2 %^. (A5) 

«2 "1 

To find the components of Ao on the invariant subspaces we express it as 

A = (|1,0)(1,0| + |0,0)(0,0|)i, 2 ® (|1,0)(1,0| + |0,0)(0,0|) 3 ,4 (A6) 
where |1,0) := ^ 10 ^ 01 ^ and |0, 0) := ^ 10 ^ 01 ^ . Now, the vector 1 1 , 0) 1.2 1 1 , 0) 3.4 can be decomposed as 

|l,0)i,a|l, 0) 3) 4 = y||2,0;(l ) l)) + y||0,0; (1,1)), (A7) 

so that we have 

Ao = U^\2, 0; (1, 1)) + ^10, 0; (1, ^(2, 0; (1, 1)| + ^(0, 0; (1, l)|j + (A8) 

+ |1,0;(1,0))(1,0; (1,0)| + |1, 0; (0, 1)) (1, 0; (0, 1)| + |0, 0; (0, 0)) (0, 0; (0, 0)|. (A9) 
Hence, taking the average of Ao we obtain 

x 2%i) 1 P 1;(1,0) + P 1;(0,1) > 
= 3 -J^C 1 . 1 ) ^ ^ ^ M);(0,0) ( A1 0) 

Appendix B: Calculation for the overlap 

By definition, we have 2 = aP3 +Ki , where Ki := ^2 m n=Q 1 b mn T™ n is a positive operator with support contained 

in an invariant (although not necessarily irreducible) subspace with total angular momentum j = \- Hence, we will 
have 

h ® 3 = a(Q 2;( 3 l ) + + + L 0;(i,i): ( B1 ) 

where Qj : (k,i) IS the projector on the subspace with total angular momentum j , resulting from the tensor product of 
the Hilbert space Jtfi with the subspace of M\ ® ^2 ® =^3 where with total angular momentum k and Lj.^i ij is a 
positive operator with support contained in the subspace with total angular momentum j, resulting from the tensor 
product of the Hilbert space Jfft with the subspace of M{ ® J#2 ® ^£3 with total angular momentum |. Note that, 
since the representation with j = 2 has unit multiplicity, we necessarily have Q 2 : (2 ij = -p2:(i,i)- 
By Eq. (12) we have 

Tr[p Pi] =^2 Tr[P 2;(M) (/ 4 ® S)P 2;(M) (I 4 ® S)] + Tr[P 2;(ljl) (I 4 <g> S)P 1;(1>1) (I 4 ® 3)]+ 

+ ^-Tr[P . (1)1) (/ 4 ® 3)P 2;(1)1) (J 4 ® §)] + TUPoki,!)^ ® 3)P 1;(1)1) (7 4 ® H)]+ 
oa 2 oui 

+ TT" Tr [( p i:(i,0) + ^i;(o,i))(£i ® 3)P 2;(1)1) (J 4 ® §)] + -| Tr[(P 1;{1 . 0) + Pii( 0l i))(l4 ® 3)P 1;(1 , 1) (/4 ® S)]+ 

+ A Tr[P 0;(0 . )(/ 4 ® 3)P 2;(lil) (I 4 ® S)] + ^- Tr[P 0;(0 , )(/ 4 S)P 1;(ljl) (J 4 ® H)] 
$2 "1 

4a 2 

= ^|Tr[P 2;(M) ]+0+ 
+ + 0+ 

+ + 4 Tr [( p iKi,o) + A ;( o,i))(A ® 3)P 1;(lil) (J 4 ® S)]+ 
+ + 

4a 2 2 ~ ~ 2 ~ ~ 

= ^T + jS Tr[Pi ;(0 ,i)(/ 4 ® 3)P 1;(1 , 1) (7 4 ® 3)] + -2 Tr[P 1;(1 . 0) (/ 4 ® E)P 1:{1 . 1) (h ® 3)] (B2) 

OU2 "1 <*i 



7 



Now, the three terms in the sum are all non-negative. Hence, in order to have Tr[poPi] = they must all vanish. In 
particular, we must have a = 0, whence Eq. (Bl) becomes 



I A ® S = £l;(i,i) +io;(|i)> 



and the overlap in Eq. (B2) becomes 



Tr[p pi] = -^Tr[P 1;(0!l) L 1 . ( ii ) P 1;(1)1)j L 1 . ( i i i ) 



^ , &[P 1 . (li0) I, 1 . ( i > i ) P li( i il) L 1 . ( i | i ) ] 



(B3) 



(B4) 



To continue the calculation we now need to give the explicit expression for Lwi iy To find it, we first decompose 
the tensor product J4?4 <g> Jf[ m \ with m = 0, 1 as j£| (g> J£™ = j£^ m ^ © J^S m \ where the irreducible subspaces J^S" 1 ^ 

2 2 

and have total angular momentum j = and j = 1, respectively. In particular, we are interested in the j = 1 

subspaces: J^ ^ is spanned by the vectors 

kT; (0)> _ |y»l,2|^»34 

1*1,0/ - — 2 

|vft (0) , _ |y))l.2|0) 3 |0)4 

1 V2 



while is spanned by the vectors 



r^(l)v _ |l)l|y))2, 3 |l)4 + |y))l,3|l) 2 |l)4 

(!) _ |x)) 14 |y)) 2 ,3 + |y))i.3l^)) 2 ,4 

1*1,0/ ■ — 
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|0)l|y»2. 3 |0)4 + |y»l, 3 |0>2|0)4 
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Comparing the two sides of Eq. (|b|) we obtain L^i^ = £m,n=o,i b mn T™ n , with T" m := EiL-i I^i^HM^ 
Evaluating the right-hand-side of Eq. ( B4 ) we get 



k i ■ 



Tr[poPi] = 



2|6qi 12 



m01 D rrilOl , 2& n 



Tir[P 1 . ( o, 1 )3T 1 Pi i ( ll i ) r 1 11 



rfi 



Tr^.d^T^p. 



nlll 



(Ijl) 1 



Now, we have 



TrlP^o^T^P^!,!)^ ] = ]T (*S|Pi i( o,i)l*S>(*ai i, i i (i,i)l*S) 



(B5) 



(B6) 



fc=-i 



and 



TrlP^^jT^P^!,!)^ 11 ] = £ (*i5|i , i i (l.0)l*S><*Sl P iKi,i)l*S) 



fe=-i 



To conclude the calculation, we express the projectors Pi^i^)! -Pi ; (o,i); an d -Pi;(i,i) as 

l 

P 1;(1,0) 



E 

i 

E iWfcX^fci 
i 

A;(l,l)= E I^X^fcl. 



i;(o,i) 



(B7) 

(B8) 
(B9) 
(BIO) 



fe=-i 



8 



with 



\Vi) 


\l)M)l\Y))^A 
\ x f J- 1 "V-a 1 J //o,4 








\v ) 


\ II II oA 

2 




\V-i) 


//3,4 






\Y)h o|l>o|l> 4 
v & 


= i*S> 


\w ) 


WW 1 v\\ 
z 


- i*S> 


W-i) 


K // J":'' | U /4 

v ^ 


= l*g-i> 


\Zx) 


1 1 \ 1 1 \ 1 v\\ 
_ |l)l|l)2|A)) 3:4 


i v\\ 1 1 \ 1 1 \ 

- |^))l,2|l)3|l)4 




2 


\Zv) 


_ |l)l|l) 2 |0) 3 |0)z 


L-|0)i|0) a |l) 3 |l) 




V2 


\Z-x) 


_ |0) 1 |0)2|X)) 3 ,4 


- |X)) 1 , 2 |0) 3 |0) 4 




2 



Inserting the above expressions in Eqs. (B6), (B7) we finally obtain 

l 



fe=-i 
l 

Tr[P 1 . M Tl 1 P 1 . M T} 1 ] = Y, l(*?il^)| 2 K*?ll^)| 2 

fc=-i 



so that Eq. (B5) becomes 



Tr[p Pi] = 



4|6 i| 2 , 46?! 



In conclusion, we showed that the condition Tr[poPi] — is equivalent to the condition 



4a 2 , 4|fe 01 | 2 , 4%i 
3d 2 



0, 



(Bll) 



(B12) 



which implies a = b\\ = box = 0. 
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